E-transitive torsion-free abelian groups  by Hausen, Jutta
JOURNAL OF ALGEBRA 107, 17-27 (1987) 
E-Transitive Torsion- Free Abelian Groups 
JUTTA HAUSEN* 
Communicutd hy I. N. Hrr.\l&n 
Received February I, 1985 
1. INTRODUCTION 
A torsion-free abelian group G is said to be strongly homogeneous if, 
given any two pure rank-one subgroups X and Y of G, there exists an 
automorphism c( of G such that Xcr = Y. The torsion-free strongly 
homogeneous groups of finite rank were completely characterized by 
Arnold [ 11. Reid [ 121 considers strongly homogeneous groups of 
arbitrary rank, and the most detailed results on such groups known so far 
were obtained by Krylov [9]. 
In this note we consider an apparent generalization: the torsion-free 
abelian group G is said to be E-transitive if, given any two pure rank-one 
subgroups X and Y of G, there exists an endomorphism E of G such that 
XE = Y. Clearly, every strongly homogeneous group is E-transitive. We 
were unable to prove the converse. Since the E-transitive groups relate to 
the strongly homogeneous ones as Irving Kaplansky’s fully transitive 
R-modules relate to the transitive R-modules [S, p. 581 (replace “Ulm 
sequence” by “characteristic” and observe Remark 1 of [9, p. 2161) we take 
solace in Kaplansky’s statement that “it is by no means clear that full 
transitivity implies transitivity” [S, p. 581. 
The purpose of this note is to show that Krylov’s results on strongly 
homogeneous groups [9] hold true for E-transitive groups as well, and to 
expand and augment some of these results. 
Let C denote the center of the endomorphism ring E = E(G) of G. We 
show that G is E-transitive if and only if C is a strongly homogeneous 
integral domain (in fact, a P.I.D.), G is a torsion-free C-module, and E acts 
transitively on the pure rank-one C-submodules of G (3.4). As is the case 
for the class of strongly homogeneous groups, a reduction theorem allows 
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the restriction to the E-cyclic ones (3.1). All C-submodules of at most 
countable C-rank of an E-cyclic E-transitive group Fare free (3.2) and, if F 
has a C-submodule of rank one whose additive endomorphisms lift to F, 
then C is an E-ring (4.3). 
Two torsion-free E-transitive groups are isomorphic if and only if their 
types are equal and there exists a topological isomorphism between their 
endomorphism rings (3.8). Every topological automorphism of the 
endomorphism ring of an E-transitive group is inner (3.9). An E-transitive 
group with nonzero endomorphic image of countable C-rank is strongly 
homogeneous (4.2). Hence, for groups of at most countable C-rank, the 
notions of E-transitivity and strong homogeneity coincide. 
2. PRELIMINARIES 
Throughout, G is a torsion-free abelian group with endomorphism ring 
E = E(G). Mappings are written to the right. Notation and terminology for 
the most part are those of Fuchs [4, 51. Following Reid [ 10, 111, we call G 
(strongly) irreducible if, for every nonzero fully invariant subgroup F of G, 
the quotient group G/F is a (bounded) torsion group. We have 
LEMMA 2.1. If G is E-transitive then G is homogeneous and irreducible. 
Proof: For any two pure rank-one subgroups X and Y of G, 
Hom(X, Y) # 0. By [Z, p. 7, 1.31, X and Y are isomorphic. Let 0 #F be a 
fully invariant subgroup of G and let x E G. If 0 # y E F, there exists E E E 
such that ( y ) *E = (x ) * . Hence x E (FE ) * E (F) .+ Since x was arbitrary, 
(F), = G. 
We consider G as embedded into its divisible hull V. For H a subgroup 
of V and A d Q a subgroup of the rationals, we let 
AH= {ahe VJaEA, hEH}. 
Then AH is a subgroup of I’, and AH N A Q H, the mapping a 0 h H ah 
being an isomorphism. We find it more straighforward to work with AH 
instead of the tensor product one reason being that E(H) is a ring of linear 
transformations of V. We make use of this in 
PROPOSTION 2.2. Let G be E-transitive and 0 #g E G. Let A be a sub- 
group of Q containing 1 such that xA( 1) =x&g), and let F =gE. Then 
G = AF, and F is an E-transitive E-cyclic fully invariant subgroup of G of 
idempotent type. Moreover, E(G) = E(F) as rings of endomorphisms of 
V=QG. 
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Proof: Note that (g), =Ag. Hence AFg G. If O#XEG then 
(x),=(g),~=Ageforsome~~E,provingG~AF,andG=AF.ClearIy, 
F=gE is fully invariant and every endomorphism of F extends to AF= G. 
Hence E(G)IF= E(F). In order to verify that F is E-transitive, let X and Y 
be pure rank-one subgroups of F. Then AX and A Y are pure rank-one sub- 
groups of AF = G, and AXn F= X, A Y n F= Y. Since G is E-transitive 
there exist E and d in E such that (AX)c = A Y and (A Y) 4 = AX. Thus 
XE=(AXnF)&sAYnF= Y. 
From 
we deduce the existence of a rational number r such that I$E 1 A Y = r. 1. 
Since G is homogeneous, G = rG, and F= rF. Hence 
Y&=(AYnF)qk=r(AYnF)=AYnF= Y. 
It follows that Xc = Y. Having verified that F is E-transitive, its 
homogeneity follows from 2.1. Finally, if the prime p divides g in F, g = pgc: 
for some E E E proving g =p”ge” E p”F for all n E N. This completes the 
proof. 
The concept of irreducibility for abelian groups introduced by Reid [lo] 
allows one to invoke the power of Schur’s Lemma and the Jacobson Den- 
sity Theorem [7, Chap. II]: if G is irreducible, its divisible hull V= QG is a 
simple Q&module and D = Hom,,( V, Z’) is a division ring; moreover, QE 
is a dense subring of the ring L = Hom,( I’, V). Taking as neighborhood 
basis of zero in E = E(G) the annihilators of finite subsets of G makes E 
into a topological ring which is Hausdorff [4, p. 2213; L is the completion 
of QE [7, p. 311. 
For strongly homogeneous groups the following result is due to Krylov 
[9, p. 218,4]. A ring with identity is said to be strongly homogeneous if 
every element is an integral multiple of a unit [9]. 
PROPOSITION 2.3. Let G he E-transitive and let C= Cent E he the center 
qf E = E(G). Let V = QG and D = Homo,. V, V). Then D = QC, and C is a 
strongly homogeneous principal ideal domain. 
Proof Obviously, QC c D. To prove equality, let 6 ED and 0 #g E G. 
Since V/gE is torsion, there exists a natural number n such that ngS E gE. 
Hence, for all E E E, ngE6 = ng& EgEe cgE. Thus gE(nG) sgE. By 2.2, 
E( gE) = E. It follows that n6 E E and, consequently, nS E C. This implies 
6~ QC. We have shown that D= QC. In particular, C is an integral 
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domain, and every i E C is a monomorphism. To show that C is strongly 
homogeneous let 0 # [ E C, let B be a pure rank-one subgroup of G, and let 
W = (B[), . Since WE B 2: B[ d W, there exists an integer n such that 
B[=n W. Let X be any pure rank-one subgroup of G. Then Bq5= X and 
W$ = X for some 4, $ E E. Hence 
A’[= B&‘= B[rj=nWqbEnG 
and 
Since X was arbitrary, it follows that G[ = nG. Let 6 = n ‘[E QC= D. 
Then G6 = Gjn ’ = G so that 6 E E n QC = C, and 6 is an automorphism. 
Thus < =n6 is an integral multiple of a unit in C. By Remark 2 of 
[9, p. 2171, C is a P.I.D. 
For future reference we record 
LEMMA 2.4. Let C be (I torsion:jiiee strongly homogeneous principal ideul 
domain, let M and U be torsion-free right C-modules, and let U have C-rank 
one. Then 
(i) For every Z-pure subgroup H gf M, HC is a C-pure .&module 
of M. 
(ii) For every s&module S # 0 of U, U/S is a torsion group. 
(iii) If X and Y are Z-pure subgroups of U then there exists a unit 
y E C such that Xy = Y. 
Proof (i) Let x E M, h E H, ii E C such that xc, = hi2 and [, # 0. Since 
(‘i=n,a, for some integers nj and units c(~ in C, n,xa,a,’ =n,hc H. The 
Z-purity of H implies x CI, NT’ E H so that x E HCY,CX, ’ g HC. 
(ii) The quotient field of C is QC, and there exists a C-monomorphism 
4: U -+ QC such that Cc Sd [ 14, p. 35,2.8]. 
(iii) Since U is C-isomorphic to a C-submodule of QC containing 1, it 
sufftces to consider this case. Then CL U and U/C is a torsion group. Let 
O#XEX, O#ye Y. Then there are m, nEN such that mxEC and nyEC. 
Hence mx = m’ol, ny = n’fl for some m’, n’ E N and units c(, fi E C. The purity 
of X and Y implies crux, BE Y. Let y=cr--‘b. Then y. 1 is an 
automorphism of U. Hence, Xy is pure in U, and 
implies 
p=cc(a ‘fi)=ayEXy 
xy= Y. 
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The proof of [9, p. 220, Theorem 21 can be adapted to show 
PROPOSITJON 2.5. Let G and G’ he two strongly irreducible torsion-free 
ahelian groups, and /et 1+4: E(G) + E(G’) be a topological ring isomorphism. 
Then G csz G’. In particular, tf 0 #g E G, there exists g’ E G’ such that the 
map ge + g’(&$), E E E, is an isomorphism ,fiom gE(G) onto g’E(G’). 
Proof Put E = E(G), V=QG, D = Hom,,( V, V) and L= 
Hom,( V, V), and let E’ V’, D’ and L’ be their counterparts for G’. The 
topological isomorphism II/: E---f E’ extends to an isomorphism from L to 
L’ which we continue to denote by $. Let 0 #g E G. Then V = gD @ V, Let 
ICE L such that gz=g and V, rc=O. Then O#z= rc2. Put n$ =z’. Then 
v’ = V’z’ @ Vz with V,x’ = 0. Pick 0 fg’ E Y)n’ n G’. Since z is primitive, 
so is 71’ which implies v’z’ =g’D’. Define 
qk gE-+g’E 
by (gE)q5 = g’(el(/) for all E E E. Since G/gE and G’/g’E’ are groups of boun- 
ded order, the proof is completed once we show q5 is an isomorphism. To 
verify q5 is a map, assume gc: = gq for some F, r E: E. Then 0 =g 
(E - q) =grc(c - ‘1) so that rc(t: - q) = 0. Hence rr’(e$ - qll/) = 0 and 
g’(4 ) = g’n’($) = g’n’(vlG I= g’(rl$). 
Obviously, d is additive and maps onto g’E’. To show q4 is manic, assume 
gE4 = 0, E E E. Then 
O=g’(e$)=g’n’(cl/) 
so that O=TT'E$ = (TCE) rj. Hence xe=O which implies O=gns=gs. The 
proof is completed. 
3. THE MAJN RESULTS 
The following theorem allows the reduction to E-cyclic groups and 
shows how to obtain E-transitive extensions. 
THEOREM 3.1. The following properties of the torsion-free abelian group 
G are equivalent. 
(i) G is E-transitive. 
(ii) G = AF where F is an E-transitive group, and A Q Q is a subgroup 
of the rationals. 
22 JUTTA HAUSEN 
(iii) G = AF where A < Q and F is an E-transitive E-cyclic fully 
invariant subgroup of G of idempotent type such that, as rings of 
endomorphism of QG, E(F) = E(G). 
Proof: By 2.2, (i) implies (iii) which in turn implies (ii). Assume (ii) and 
let X, be pure rank-one subgroups of G, i = 1,2. Then X, n F are pure rank- 
one subgroups of F, and Xi= A(Xi n F), i= 1,2 [2, p. 19, 1.2(a)]. Since F 
is E-transitive, (X, n F) q5 = X, n F, and q5 induces an endomorphism in 
G = AF mapping X, = A(X, n F) onto A(X, n F) =X,. The proof is com- 
pleted. 
A module M over a principal ideal domain R is said to be Xi-free if M is 
a torsion-free R-module and every submodule of at most countable R-rank 
is free [4, p. 941. Since Pontryagin’s Theorem [4, p. 93, 19.1) holds for 
modules over P.1.D.s (and submodules of free R-modules are free), a tor- 
sion-free R-module is X,-free if all pure submodules of finite rank are free. 
Krylov has shown that every E-cyclic strongly homogeneous group F is 
an Xi-free module over C = Cent E(F) [9, p. 217, Theorem 11. His proof 
essentially works for E-transitive groups. We include it for the sake of com- 
pleteness. 
THEOREM 3.2. Let F be an E-transitive E-cyclic torsion-free group and let 
C = Cent E(F). Then F is an H IYfree C-module. 
Proof: By 2.3, C is a P.I.D. and, by [6, Lemma 51, F is a torsion-free 
C-module. Let M be a pure submodule of F of finite rank k. To show M is 
free we induct on k. Assume k = 1 and let X be a pure rank-one subgroup 
of F contained in M. By 2.2, F = gE(F) has idempotent ype which implies 
(g>, =g(Cn Q). 
Also, XE = (g ) * for some E E E(F). By 2.4(i), M = XC so that 
M&=(XC)&=X&C= (g)*C 
=g(Cn Q) C=gC 
is cyclic. 2.4(ii) implies M N ME = gC proving M is free. Suppose that k 2 1 
and C-submodules of rank k - 1 are free. We invoke 2.3: let V= QF and 
E = E(F). Then D = HomeE ( V, V) = QC, and QM is a D-submodule of V. 
If OfaeM, then QM=aD@ Vi, and V=QM@ V2. Also, QE is a dense 
ring of D-linear transformations of I/ [7, p. 313. Hence, there exists cr E QE 
such that ao = a and V, 0 = 0. Let n E N such that no = E E E. Then 
ME c (aD@ V,)(W) = aDno = naD 
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which implies ME E Fn aD is a C-submodule of F of rank one. Thus ME is 
free and MN ker E @ Ms. By induction hypothesis, the C-module ker E is 
free, and so is M. 
Combining 3.2 with 2.2 and 2.3 we state the analogue to Krylov’s 
Theorem 1 [9, p. 2171. 
COROLLARY 3.3, Let G be an E-transitive torsion-free group und let 
C = Cent E(G). Then C is a strongly homogeneous principal ideal domain, G 
is a torsion:free C-module, and G = AF where F is an K ,:free C-suhmodule qf 
G and A is a torsion-free rank-one group whose type equals to the type of G. 
We have the following characterization of E-transitive groups as modules 
over strongly homogeneous P.1.D.s. 
THEOREM 3.4. For the torsion-free aheliun group G, the following proper- 
ties are equivalent. 
(i) G is E-transitive 
(ii) C = Cent E(G) is a strongly homogeneous principal ideal domain, 
G is a torsion-free C-module and E(G) acts transitively on the pure rank-one 
C-submodules qf G. 
(iii) G is a torsion7free module over a strongly homogeneous principal 
ideal domain R, and the ring E,(G) qf R-endomorphisms qf G acts trans- 
itively on the pure rank-one R-s&modules of G. 
Proqf: To derive (ii) from (i), observe 3.3, and let U, be C-pure sub- 
modules of G of rank one. If X, are rank-one pure subgroups of G con- 
tained in Ii,, i-1,2, then X,&=X, for some EEE and U,=XiC, i=l,2, 
by 2.4(i). Hence 
U,&=X,CE=X, EC=XZC= u2, 
proving (ii). Clearly, (ii) implies (iii). Assume (iii) and let Xi, i= 1, 2, be 
pure rank-one subgroups of G. Since G is torsion-free, R is a torsion-free 
ring and, by 2.4(i), X,R are rank-one pure R-submodules of G. Hence 
X, Rl9 = X,R for some %E ER(G), and, by 2.4 (ii), 81 X, R is manic. It 
follows that X,% and X, are pure rank-one subgroups of U, so that 
X, = X, %y for some unit y E R, by 2.4(iii). Since %y E E(G) the proof is com- 
pleted. 
Remark 3.5. In 3.4, reeplacing E(G) and E,(G) by the automorphism 
groups A(G) and A,(G), yields the analogous characterization for strongly 
homogeneous groups (in the proof, pick E and % to be automorphisms). 
For torsion-free modules over P.I.D.s, define separability as in 
[S, p. 1171. As a consequence of 3.5 we have 
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COROLLARV 3.6. Every torsion-jree separable homogeneous module over 
a torsionfree strongly homogeneous principal ideal domain is strongly 
homogeneous. 
We turn to endomorphism rings. In analogy to Krylov [9, p. 220, 
Theorem 21 we have 
THEOREM 3.7. Let G and G’ he E-transitive torsion-free ahelian groups 
and let A and A’ he torsion-free groups gf rank one whose types equal the 
types of G and G’, respectively. Let $1 E(G) + E(G’) by a topological ring 
isomorphism. Then A’G = AG’. Moreover, there exists an isomorphism 
@: A’G + AG’ such that, for all q E E(G), n$ = Qi In@. 
Proof: As in 2.2, let G = BF, F= gE, E = E(G) = E(F), B 6 Q, and 
likewise G’ = B’F’, F = g’E’, E’ = E(G’) = E(F), B’ < Q. Then A N B, 
A’ rr B’ which implies A’B 21 AB’. Let c A’B -+ AB’ be an isomorphism. 
Note that E-cyclic irreducible groups are strongly irreducible [ 11, p. 43, 
Theorem 21. Hence, by 2.5, there is an isomorphism 
for some h E F’, which is given by gs I-+ h(E$), E E E. 
Since F has idempotent type, h = nh’ for some h’ E F’ such that 
X(h’) = x(g’). F being E-transitive implies g’ = h’O for some 6’ E E’ so that 
F = g’E’ = h’E’. Hence, the map 
4’: gE + h’E’, 
defined by gs H h’(.$), E E E, is an isomorphism from F onto F’. Define 
@: A/G-+ AG’ 
by (a’bge) @ = (a’b) ah’(&ll/) for all a’E A’, hi B, EE E. Then @ is an 
isomorphism and, for ail q E E, 
(a’bge) @(vl$) = C(a’b) ah’(d)l(vh) 
= (a’b) ah’[(cn) $1 
= (a’bgsq) @ = (a’bge)(n@). 
Hence @(q$) = q@ which implies q$ = @~~ ‘g@ as stated 
COROLLARY 3.8. Two torsion-free E-transitive groups are isomorphic if 
and only if they have equal types and their endomorphism rings are 
topologically isomorphic. If this is the case, any topological isomorphism of 
the rings is induced by an isomorphism of the groups. 
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Proof Let G and G’ be E-transitive of equal types and Ic/: E(G) + E(G’) 
a topological ring isomorphism. Pick 0 #g E G and g’ E G’ of equal charac- 
teristic. By 2.2, G = AF, G’ = AF, and II/: E(F) + E(G’) is a topological ring 
isomorphism. Let 1 E B d Q such that xs( 1) = xF-( g). Then BA = A and the 
type of B equals the type of F. Hence AF= G and BG’ = BAF = AF’ = G’. 
Apply 3.7. 
COROLLARY 3.9. Any topological uutomorphism qf the endomorphism 
ring qf u torsiowfree E-transitive group is inner. 
4. CONSEQUENCES AND PROBLEMS 
The central question we were unable to decide is 
PROBLEM I. Is every torsion-free E-transitive group strongly 
homogeneous? 
The only E-transitive groups known to us are torsion-free homogeneous 
separable modules over strongly homogeneous P.1.D.s. By 3.6, these are 
strongly homogeneous. We pose 
PROBL.EM 2. Is every strongly homogeneous (E-transitive) torsion-free 
group a torsion-free homogeneous separable module over a strongly 
homogeneous principal ideal domain? 
One criterion for separability is contained in 
THEOREM 4.1. Let G he an E-trunsitive group and let C = Cent E(G). 
Then G is a separable C-module if and only if G has a nonzero endomorphic 
image of at most countable C-runk. 
Proqf: Only the “if’-part needs proving. By 2.2, G = AF with A < Q and 
F E-transitive, E(F) = E(G), and C-submodules of F of finite rank are free 
(3.2). By 2.3, C is a P.I.D. Similarly to [S, p. 119, 87.4) one proves that F is 
a separable C-module if every pure rank-one submodule of F is a direct 
summand. Let W be a pure rank-one C-submodule of F. By hypothesis, 
there exists 0 # E E E = E(F) = E(G) such that FE has at most countable 
C-rank and, hence, is free. Thus F Y FE @ ker E and F= U@ F’ for some 
submodule UN C of F. By 3.4, there exists 4 E E such that U = W& and 
4 1 W is manic by 2.4(ii). Let 71 E E be the projection onto U along F’. Then 
F= W@ ker &c. It follows that F is a separable C-module and, thus, so is 
G=AF. 
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COROLLARY 4.2. Every E-transitive group G with a non-zero 
endomorphic image of at most countable C-rank, C = Cent E(G), is strongly 
homogeneous. 
Proof: 2.3, 4.1, and 3.6 
In particular, for modules of countable C-rank, E-transitivity and strong 
homogeneity coincide: such modules are torsion-free homogeneous com- 
pletely decomposable C-modules (3.3) and, thus, strongly homogeneous. 
Krylov [9] has shown that the center of the endomorphism ring 
of a countable strongly homogeneous group is an E-ring [ 131. In fact, 
C= Cent E(G) is an E-ring for every E-transitive group G which is a 
separable C-module. This follows from 
PROPOSITION 4.3. Let F be a torsion-free E-cyclic E-transitive group and 
let C = Cent E(F). If F contains a C-submodule of rank one whose additive 
endomorphisms ltft to F then C is an E-ring. 
Proof Let M be a rank-one C-submodule of F whose additive 
endomorphisms lift to F. By 3.2, M = aC is cyclic, a E F, Let I$: aC + C be 
the map a[ H [ for all c E C. Then 4 is an isomorphism of C-modules. Let 
$EE(C+). Then &&‘EE(aC) so that &,!r$-‘=&laC for some EEE. 
Hence, 
and II/ is C-linear since both 4 and el aC are. By [3, p. 199, 1.2(iv)], C is an 
E-ring. 
COROLLARY 4.4. Let G be an E-transitive group and let C = Cent E(G). 
If G is a separable C-module then C is an E-ring. 
This raises 
PROBLEM 3. If C = Cent E(G) for some torsion-free E-transitive group 
G, must C be an E-ring? 
Examples show that not every torsion-free strongly homogeneous 
integral domain is an E-ring. 
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